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We consider the static, spherically symmetric black hole solutions in the bigravity theory for a 
minimal model with a condition / M „ = C 2 <? M i, and evaluate the entropy for black holes. In this con- 
dition, we show that there exists the Schwarzschild solution for C 2 = 1, which is a unique consistent 
solution. We examine how the massive spin-2 field contributes to and affects the Bekenstein-Hawking 
entropy corresponding to Einstein gravity. In order to obtain the black hole entropy, we use a re- 
cently proposed approach, which uses Virasoro algebra and central charge corresponding to the 
surface term in the gravitational action. 
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£ ' I. INTRODUCTION 

As is well known, while general relativity and the standard model based on quantum field theory are very successful 

O^l ■ in describing experiments and observations, the unification of these two frameworks still remains mysterious because of 

both conceptual and technical difficulties. So it is ultimate goal for modern theoretical physics to establish gravitational 

(-h , theory in a microscopic scale, that is, the quantum theory of gravity. One possible way to understand the underlying 

•^ ' quantum gravity theory could be to study black hole entropy 

In general relativity, black holes have concepts of temperature and entropy, and there exist thermodynamics laws 

D ■ of black holes [3-|3|. Investigating the statistical origin of black hole entropy, we could be able to obtain quantum 

rG \ properties of space-time, and we may have a glimpse of aspects of quantum gravity. In fact, the black hole entropy 

has been calculated in string theory [J] and loop quantum gravity [a, M\ ■ 

£\\ ' Recently, a new approach for evaluating the black hole entropy was proposed by using the Noether current corre- 

J> , sponding to the surface term of the action [7|-|9| . The basic idea of this procedure is the following. Define the Noether 

t~H ■ charges and the Lie bracket corresponding to diffcomorphism; then the Lie bracket forms the Virasoro algebra with 

a central extension, from which we can read off a deduced central charge and zero-mode eigenvalues of the Fourier 

modes of the charge. By substituting these quantities into the Cardy formulas |10l - tl2| , one can obtain the black hole 

entropy. This approach is the general formulation, and it has been shown that the formula of black hole entropy 

\l . can be obtained not only in the Einstein gravity with the usual Einstein-Hilbert action but also in higher-curvature 

gravity [ll EH- 

In this paper, we apply this approach to the bigravity theory. Bigravity is nonlinear massive gravity that has 
ghost-free construction with the dynamical metric [15l4l9| . This gravity model is called bigravity or bimetric gravity 
because the model contains two metrics and a massive spin-2 field appears in addition to the massless spin-2 field 
corresponding to the graviton. Therefore, by considering the black holes in bigravity, we can evaluate how the massive 
spin-2 field near the horizon affects the black hole entropy [20|-|22j. For simplicity, we consider the bigravity theory in 
C$ ■ the minimal model, and we obtain entropy of a static, spherically symmetric black hole. 

II. BLACK HOLE SOLUTION FOR BIGRAVITY 

In this section, we briefly review the construction of ghost-free bigravity [19( and consider the black hole solutions. 
The bimetric gravity includes two metric tensors g^ v and / MJ/ , and it contains the massless spin-2 field corresponding 
to the graviton and massive spin-2 field. It has been shown that the Boulwarc-Dcser ghost does not appear in such a 
theory. 

Note that g^ and f^, do not simply correspond to the massless and massive spin-2 field individually, but they are 
given by linear combinations of these two fields in the linearized model; that is, when one considers perturbations of 
g^ w and / M „ by appropriately redefining two tensor fields, the Fierz-Pauli mass term is reproduced. 

The action of bigravity is given by 

Suavity = K f d 4 Xy/=g~R(g) + M) f d 4 x^fR(f) + 2m 2 A/ C 2 ff f d 4 xy^Y,/3 n e n ( v^ 1 /) • (1) 



Here R(g) and R(f) are the Ricci scalar for g^ v and f^ v , respectively. M e s is defined by 



M| ff Ml M) ' 



and \J g~ l f is defined by the square root of g fip f p ^, that is, 

For general tensor X^ v , e n (X)s are defined by 

eo = l, ei = [JT], e 2 = i ([X] 2 - [X 2 ]) , e 3 = i ([X] 3 - 3[X][X 2 } + 2[X 3 ]) , 

e 4 = ^([X] 4 -6[X] 2 [X 2 ]+3[X 2 ] 2 +8[X][X 3 ]-6[X 4 ]) , e k = for fc>4. 

Here, [X] expresses the trace of tensor X: [X] = X't. 
The action for the minimal model is given by 

Sbigravity =M| / d?Xy/=g~R{g) + M) / d A X^~JR{f) 

+ 2m 2 M% s J d 4 xV=g (3 - tr ^=1/ + dot v/^F 1 /) , 

corresponding to the coefficients, 

A = 3, /3i = -l, 02 = 0, /3 3 = 0, 04 = 1. 
By the variation ([5]) over £/ MJ , and / Mi ,, we obtain |23l.l24l] 

=A/ 2 Qff^i?(.g) - R^igYj + m 2 M 2 ff [(3 - tr V^ 1 /) .9^ 



(2) 



(3) 



(4) 



(5) 



(6) 



=M) l-UvR(f) - R^{I)j + m 2 M c 2 ffA /dct(/-i 5 ) [detCVF 1 /)^ 
-^,(v^7);4^(v^7)' 
By imposing a condition /^ = C 2 g^ v with a constant C, the above two equations have the following form: 

=R liV {g) - -g^Rig) + A g g^ , 
0=R,A.f)-\f^R(f) + ^fUv 



Here, the cosmological constants A g and Af are defined by 



A„ =3™ 2 ( ^ 

Lf =TOn 

° V Mf 



At =m n 



(|C|-i), 



C~ 4 (\C\~C 4 ). 



For the consistency, both Eqs. © and (fTU]l should be identical to each other. By putting /„„ = C 2 g pv 
R»»(f) = R„u(g), R(f) = C- 2 i?( 5 ). Then, we find 

A g = C 2 A f 



(7) 
(8) 

(9) 

(10) 

(11) 

(12) 

we find 

(13) 



and obtain the constraint for the constant C from Eqs. (|TT|) and (fT2|) : 

C 4 + 3M r 2 atio C 2 \C\- 3M r 2 atio C 2 -|C| =0. (14) 

Here, we define M lat io = Mf/M g . The solution of Eq. (|14p is given by C 2 = 1. When C 2 = 1, the cosmological 
constants in Eqs. (|11[) and (|T2|) vanish, and Eqs. ((9j) and (p~0|) have the identical Schwarzschild solutions, 



2M. , 2 1 

— di 2 + - 
r 1 



g^dx^dx" = f^dx^dx" = -(1 - -^)rft 2 + ^jdr 2 + r 2 (d0 2 + sin 2 9d(/> 2 ) . (15) 



As a result, we have shown that the bigravity theory for the minimal model has a consistent solution when / M „ = g^ v 
and cosmological constants vanish. However, for the other model, which has a different choice of j3 n s, it is shown that 
one can obtain the consistent solutions with a nonvanishing cosmological constant j25l . [26| . 

Although we can also obtain the Kerr solutions, for simplicity, we only consider the Schwarzschild solutions in 
the following arguments. Note that when we interpret g^ u as a physical metric, the horizon is at r = 2M, and 
another tensor field / M „ diverges at the same location, but the divergence can be also removed by the coordinate 
transformation. 

III. BLACK HOLE ENTROPY FROM THE NOETHER CURRENT 

In this section, we summarize the procedure by Majhi and Padmanabhan [7H9l.ll3j. Let us consider a general surface 
term as follows: 

Ib = -^ f F- x x<Jd£. B = ttt^ f d n x^gV a {C B N a ) . (16) 

16-7TG J dM 167TG J M 

Here, iV a is a unit normal vector of the boundary dM, g^ v is the bulk metric, and a^ is the induced boundary metric. 
For the Lagrangian density ^fgC = ^/gV a (£-BN a ), the conserved Noether current corresponding to diffcrmorphism 
x a — > x a + £ a is given by 

J a m = V b J ab m = -^ V, [L B (CN b - t b N a )} . (17) 

167rG 

Here, J ah is the Noether potential, and the corresponding charge is defined as 

Q[t] = k I ^dJ: ab J ab . (18) 

1 JOT. 

Here, dS a b = —d n ~ 2 x (N a Mb — NbM a ) is the surface element of the (n — 2)-dimcnsional surface <9£, and h ab is 
the corresponding induced metric. We now choose the unit normal vectors N a and M b as spacelike and timelike, 
respectively. In the following disucussion, we assume £ exists near the horizon of a black hole. 
Next, we define the Lie bracket for the charges as follows: 

[Qi.Oa] = (%Q[&] - J&Qfci]) = I Vhdz ab (£ 2 a J%] - e?J b [6]) , (19) 

JdT, 

which leads to the Virasoro algebra with central extension as we will see later. By using the deduced central charge 
and the Cardy formula, one can find black hole entropy. 

To derive the Noether charge and Virasoro algebra, we need to identify appropriate diffeormorphisms, that is, the 
related vector field £ a . In this work, we consider static-spherical black holes, for which the metric has the following 
form: 



1 



ds 2 = -f(r)dt 2 + -jj-^dr 2 + r^Ct i:j (x)dx i dx j . (20) 



Here, Qij(x) is the (n — 2)-dimcnsional space, and h%j = r £lij(x). The horizon exist at r = r%, where f(rh) = 0. For 
the metric (f2T)f , the two normal vectors N a and M a are given by 

N a =(0,y/f(p + r h ),0,---,0) , M a = [-_L_=,0,...,0] . (21) 



Here, p is defined by r = p + hh for convenience, and in the near horizon limit, we find p — > 0. Then, the metric has 
the following form: 

ds 2 = -f(p + r h )dt 2 + —J: -dp 2 + {p + r h ) 2 Q ij {x)dx i dx j . (22) 

f(p + rh) 

Furthermore, we introduce the Bondi-likc coordinates, 

du = dt- dp (23) 

f{P + r h ) 

and the metric is transformed as 

ds 2 = -f(p + r h )du 2 ~2dudp+(p + r h ) 2 n iJ {x)dx l dx 1 . (24) 

We choose the vector fields £ a so that the vector fields keep the horizon structure invariant. Then, we now solve the 
Killing equations for above metric: 

L i9pp = -2d P C = , C i9up = -d u C - f(p + r h )d P C - d p ^ = . (25) 

The solutions of the above equations are given by 

C = F(u,x), e = -pduF(u,x). (26) 

The remaining condition L^g uu = is automatically satisfied near the horizon because the above solutions lead to 
t^iduu = O(p) and p — > at the horizon. Expressing the results in the original coordinates (t,p), we obtain 

?=T- P d t T, £P = -pd t T, T(t,p,x) = F(u,x). (27) 

fiP + rh) 

Since we have the appropriate vector fields £ a for a given T, we can calculate the charge Q. 
Finally, expanding T in terms of a set of basis functions T m with 

J- = / A m l m , A m = A— m , (2o) 

in 

we obtain corresponding expansions for £ a and Q in terms of ^ and Q m defined by T m . We choose T m to be the 
basis so that the resulting £" n obeys the algebra isomorphic to Diff S 1 , 

i{U,Zn} a = (m-n)C +n , (29) 

with {, } as the Lie bracket. Such a T m can be achieved by the choice 

T m = — cxp\im(at + g(p) +p ■ x)]. . (30) 

a 

Here, a is a constant, p is an integer, and g(p) is a function that is regular at the horizon. Note that a is arbitrary 
in this approach, which will not affect the final results. 

IV. ENTROPY FOR BIGRAVITY 

Using the previous procedure and the black hole solution, we evaluate the black hole entropy. At first, we need to 
calculate surface term of the bigravity action Lb and the vector field £ a related to the diffcormophism, which leaves 
the horizon structure invariant. 

Since the interaction term does not include any derivative terms, the contribution to the surface term does not 
appear. Therefore, the surface term is two Gibbons-Hawking terms from Ricci scalar R(g) and R(f), 

C B = 2K(g) + 2K(f) , (31) 

with K = —V a N a as the trace of the extrinsic curvature of the boundary. When we consider the Schwarzschild 
solution, j pv = g pv and f(r) = 1 — 2M w ith the horizon at r^ = 2M. And the metric corresponding to the 
coordinates (£, p) is given by 

ds 2 = P —dt 2 + P -^^-dp 2 + (p + 2M) 2 (d6 2 + sin 2 Qdtf) . (32) 

p + 2 A/ p 



The Bondi-likc coordinate transformation (l23l) is defined as 



du = dt - 2 JL±Jl. (33) 

P 

In this coordinate system, the metric is expressed as 

ds 2 = ^TT du2 ~ 2dud P +(P + 2M) 2 (d9 2 + sin 2 6W0 2 ) . (34) 

The vector fields £ a in the original coordinates (t, p) have the following expressions: 

e=T-(p + 2M)d t T , e = -pd t T . (35) 

We now calculate the Noether current and the Virasoro algebra. The normal vectors for the horizon are 



N« = (o, v /=Z=0 > o) , M° = ^^£,0,0,0] , (36) 

and the Gibbons-Hawking term is given by 

A^ = A-(/) = - ^ + + 2 ^ . (37) 

The charge Q in the near-horizon limit p — > is given by 

GK] = 2x lT^ f ^hd 2 x[nT - \d t T] . (38) 

57TG ,/ w 2 

Here, « is the surface gravity of the black hole, k = -jj-j, and the factor 2 comes from the two Gibbons-Hawking terms. 
In the calculation, we use the surface gravity k, which is related to the expansion of f(p + r^) in the near-horizon 
limit, 

f{ p + r h ) = 2K P + l -f{r h )p 2 + ---, K=^-. (39) 

Now, we consider / M „ = g^, so two ks from two tensor fields have an identical value. 

Finally, we calculate the central charge with the appropriate expansion of T. For T = T m , T n , the Lie bracket of 
the charges Q m and Q n (fig)) is given by 



[Qm>Qn] ~ AnGM J 



K{T m d t T n - T n d t T m ) - \(T m d 2 n - T n d 2 n ) + -^-(dtT m d 2 - d t T n d 2 m ) 
A 4k 



(40) 



We now substitute T m chosen in the previous section (|30|) into Eqs. (|38|) and (|40|) and implement the integration over 
a cross-section area A, and we obtain 

;<W> (41) 



iiraG 



ikA , , olA 



[Q m , Qn] = —7— -p^{fn - n)6 m+n .o - im 3 "" ' 8 m+nfl . (42) 

47Ta(jr OITKLr 

Therefore, we find that the central term in the algebra is given by 

K[£m, S,n] = [Qm,Qn] + i(m - n)Q m+n 

= ~ lm o ^m+nfi- (43) 

From the central term, we can read off the central charge C and the zero mode energy Qo as follows: 

C aA kA 

12 ~ 8^G ' Q ° ~ i^G ■ [ ' 



Using the Cardy formula |1CH12| . we eventually obtain the entropy 



This is twice as much as the Bekenstein-Hawking entropy in the Einstein gravity. 

While we obtain the entropy by using the Noether current corresponding to the surface term, it is necessary to 
check whether our result is appropriate in other approaches. To compare this result with other methods, we also 
evaluate the entropy in Wald's approach [28j . 

Here, because / M „ = gw, the interaction term in Eq.([5]) vanishes, and the Lagrangian depends only on the metric 
g^v Therefore, we may use the Wald formula: 

f dC 

SWd = -2tt / dA — Capers ■ (46) 

Here, R a p~fS is the Riemann tensor, and e Q/ g is the binormal for the horizon, which satisfies the condition e a p = ~tp a . 
For the Schwarzschild solution, we find e tr — 1, and the others are zero. 
Then, the Wald entropy is given by 



s = - 2 x 2vj dA _L_i(j«y« _ /v*)^* 



which is again twice as much as the Bekenstein-Hawking entropy. 

Generally, constructing the Noether current in Wald entropy is rather complicated when the /3„s are arbitrary and 
fpu expresses the degrees of freedom, which is distinguished with </^„. However, the approach that we use in this 
paper uses only the surface term to construct the Noether current in contrast to the Wald entropy, which needs the 
bulk action. Therefore, we can ignore the interaction term in evaluating the black hole entropy, and the remaining 
terms corresponding to the Noether current are simply the two traces of the extrinsic curvature. This approach is 
very simple and useful for calculation. 

V. CONCLUSION AND DISCUSSION 

In this work, we have shown that the bigravity for the minimal model has a static, spherically symmetric black 
hole solution. For the minimal model, we have begun with the ansatz / M „ = Crg^ v , but, finally, we have shown that 
the consistency tells C = 1, that is, f^ = g^ y . And we have obtained the Schwarzschild solution and evaluated the 
entropy for it. 

Then, we find that the obtained entropy has a double portion of the Bekenstein-Hawking entropy in the Einstein 
gravity. This is because the surface terms for the two tensor fields j^ v and g^ are identical with each other, and 
they give the same contribution to the Noether current. Of course, while we have only considered the entropy for the 
Schwarzschild black hole, the stationary axisymmetric solution, that is, the Kerr black hole, is also a solution. Even 
in this case, the entropy may have also twice as much as that of the Einstein gravity because we have /^„ = g^ v as 
well. 

It is interesting that our approach may be generalized to the case of other models. For other models, we may choose 
different values for /3„s in Eq.([T]) to reproduce the Fierz-Pauli mass term [25l - [27j . We may have other consistent 
solutions with f^ v = G 2 g ilv but C 2 ^ 1 in such a model, and there could exist (anti-)de Sitter- Schwarzschild solutions 
and also (anti-)de Sitter-Kcrr solutions if the cosmological constants do not vanish. Forthermorc, if two fields are 
different, the surface terms could give different contributions to the Noether current, and the entropy would be 
changed. 

With the procedure using the Noether current of the surface term, we have explicitly shown that the entropy is 
given by sum of two entropies from two Ricci scalars in bigravity. Similar results are obtain in Refs. J2lL |22| . and our 
results do not conflict with the implication of general arguments. 
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